MATH 830 FALL 2021: HOMEWORK 1, SOLUTIONS

You may work together on these homework problems, but each student in the class must write up the
solutions to this assignment entirely on their own. You may freely use the class notes, but please do not
consult any textbooks, the internet, graduate students not in this class, or any professor except your Math
830 instructor - who is always happy to discuss any algebra problem. You have two weeks to work on this
assignment. Please upload a pdf copy of your solutions to Blackboard no later than 10pm on September 20.

1. Let F C K be fields and suppose « € K is algebraic over F' and has the property that [F(«) : F] is odd.
Prove that F(a?) = F(a).
Solution. We clearly have F' C F(a?) C F(a)]. Note that « satisfies 22 — a2 over F(a?). It follows
that, [F(a) : F(a?)] < 2. Since[F(a) : F] is odd and divisible by [F(a) : F(a?)], it must hold that
[F(a): F(a?)] = 1. That is, F(a?) = F(a).
2. Suppose F' C K are fields and o, § € K satisly [F(«) : F] =n and [F(8) : F] =m.

(i) Show that [F(«, B) : F(a)] = m if and only if [F(«, 8) : F(B)] = n.

(ii) Prove that the conditions in (i) hold if n and m are relatively prime.

Solution. For (i), we have

[F(a, B) : F] = [F(e, B) : F(a)] - [F() : F] = [F(, f) : F(a)] - n
= [F(a,p) : F(B)] - [F(B) : F] = [F(ev, ) : F(B)] - m.
Thus [F(a,B) : F(a)] -n = [F(a,8) : F(B)] - m, from which the result follows.
For part (ii), from part (i) we have
[F(a,B8): F(a)]-n=[F(a,B) : F(B)] - m.
If n and m are relatively prime, then n divides [F(a, 8) : F(8)]. Since [F(a, ) : F(8)] < n, we must have
n=[F(a,pB): F(B)]. It follows immediately that the conditions in (i) hold, and in fact, [F(«, ) : F] = n-m.

3. Let F' C K be fields and L, M intermediate fields between K and F. Write LM for the intersection of all
subfields of K containing L and M. Thus, LM is the smallest subfield of K containing both L and M, and
is called the compositum of L and M.

(i) Show that LM is the set of elements E in K of the form (a1 81 + -+ + apnfBn) - (urv1 + - -+ + ugvs) 71,
with o;,u; € L and 3;,v; € M, and any n,s > 1.
(ii) Show that [LM : F| < oo if and only [L : F] < oo and [M : F] < co. (Hint: For the if direction,
show that LM is the set of elements in K of the form o181 + -+ + a8, with ; € L and §8; € M)
(iii) Prove that if the conditions in (ii) hold, then [LM : F] is a common multiple of [L : F] and [M : F]
and is less than or equal to [L: F|-[M : F].
(iv) Show that if [L : F] and [M : F] are relatively prime, then [LM : F|=[L: F]-[M : F].

Solution. For (i), since LM is a field containing L and M, every expression of the form

(alﬁl + -+ anﬁn) : (ulvl + -+ Us’l)s)_l,

with a;,u; € L and B;,v; € M, and any n,s > 1 belongs to LM, so £ C LM. Conversely, by definition, £
is a subset of K that is closed under multiplication, addition and taking inverses, and thus E is a subfield
of K. Since L and M are contained in E, it follows that E is a subfield of K containing L and M, and
therefore LM C E. Thus, F = LM, as required.

For (ii), since L,M C LM, it follows immediately that [L : F] and [M : F|] are finite if [LM : F] is
finite. Conversely, suppose [L : F| and [M : F]| are finite. Let lq,...,l. be a basis for L over F (so that
[L: F]=r)and my,...,m: be a basis for M over F (so that [M : F] =t). Since every element in L is an
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F-linear combination of I1,...,l,. and such elements are closed under addition and multiplication, and every
element in M is an F-linear combination of my,...,m;, and these elements are closed under addition and
multiplication, it follows that the set T of all F-linear combinations of {l;m;}1<i<r1<;<¢ is closed under
addition and multiplication. Note that 7" is also a vector space over F' of dimension at most rt. If 0 £ u € T,

then 1,u2,...,u" are linearly independent over F. Let ag + aju + - - - + a.u® = 0 be a shortest dependence
relation. Then ag # 0, so we may divide by ag to obtain a relation 1 + aju + --- 4+ alu® = 0, with each
a;- € F. Tt follows that u(—a; — -+ — a.u®"!) = 1. Since —a; — -+ — acu®"! € T, this shows that T is

closed under taking multiplicative inverses. Thus, T is a subfield of K. Since T contains L and M, we have
LM CT C LM, and thus T = LM, showing that [LM : F] is finite.

For (iii), suppose [L : F] = r and [M : F| = t, with r and ¢ relatively prime. Then by part (i), [LM : F] < oo
We have

[LM:F)=[LM:L|-[L:F]=[LM:L]-r and [LM:F|=[LM:M]-[M:F|=[LM:M]-t.

Since r and t are relatively prime, r divides [LM : M|, so that [LM : F] = [LM : M] -t > rt. But part (ii)
shows that [LM : F] < rt, which gives [LM : F] = rt, which is what we want.

4. For f(z) = 2® + 2z + 1 and g(x) = 2* + 322 + x + 7 in Q[z], find rational polynomials a(z),b(x) € Q[z]
such that 1 = a(x)f(x) + b(z)g(z).

Solution. The first step is to use the Euclidean algorithm to find, the GCD, i.e., the last non-zero remainder
upon repeated applications of the division algorithm. This leads to:

g(z) =xf(x) + (22° +7)
f(z) = g(zﬁ +7) + (—gaz +1)

4 8 ) 183
2 _ it
20° 4+ 7= (x+25)( 3 +1)+25
Recalling that GCDS are unique up to units, we see that 1 is the GCD of f(z) and g(z). We use backwards
substitution with the equations above to solve for in terms of f(z) and g(x).
183 4 8 5
2 =1 (222 o4 —)(—2z+1
% (2x +7)+(5x+25)( 5T T )
183 4 8 x
=221 (222 Zr4— — 2 (222
S =122 1)+ (5o + ) (f(2) — S22 47))
183 4 8 2 4
— — (= . 1 I 2 = 2 2
S = (gr 4 ) @) + (1 - 2a% — )22 )
183 4 8 2 4
= (= = 1— 22 = —
> = (ga+ ) (@) + (1 - 20 — 2 a)(gle) — wf (@)
183 8 1 4, 2., 2, 4
2 (o ot —a? 4 1— 222 = .
25 ~ (g5 T 5Tt g5¥ T5@ ) @)+ (gt — opa)g(@)
Multiplying the last equation by 2 183, we obtain
8 5 1 10 2% 10 , 4
= — — — d bz)=— — —2° — —u.
e T i T T T L L G e R T T

5. Prove that g(x) from the previous problem is irreducible over Q. Then, let o € C be a root of g(x). For
f(z) as in 2, find f(a)~! as an element of Q(«), written in terms of the ba51s 1,a,a2, 3. Similarly, find
f(a)h(a) as an element of Q(a), written in terms of the basis, for h(x) = 23 + 4m2 + .

Solution. Note that g(x) is a primitive polynomial, thus, by Gauss’s Lemma, to see that g(x) is irreducible

over Q, it suffices to see that g(z) is irreducible over Z. By the Rational Root Test, g(z) does not have a root

in Q, so g(x) does not factor as a product of a linear polynomial and a cubic polynomial with coefficients in

Z. Suppose g(z) = (22 + a1 + ag)(x? + bz + by), with each a;,b; € Z. This single equation in Z[z] gives
2



rise to the system of equations over Z
a1 + b1 =0
arby +ag+bg =3
a0b1 + a1b0 =1
aobo =T1.
I will leave it to you to verify that this system of equations has no solutions over Z, which implies that g(x)
is irreducible over Z.
183

To find f(a)~!, upon substituting « in the the last displayed equation above in problem 3 involving 32

25
we see that g 5 4 10
-1 _ _% 2 % 2 U 3
foy = =alo)= 15~ 13 F 13 T i
Moreover, one calculates f(z)h(z) = (22 + 4z — 1)g(z) + (=823 — 322 — 26z + 7), so writing f(a)g(a) in

terms of the basis for Q(a) over Q we get f(a)h(a) = —8a® — 3a? — 26 + 7.
6. Show that the degree of the minimal polynomial of v/3 + /5 over Q is four. Use this to prove that
Q(V3,V5) = Q(+v/3 4+ v/5). Find the minimal polynomial of v/3 + /5 over Q.
Solution. We first note that [Q(v/3,v/5) : Q] = 4. This follows, since v/5 & Q(v/3), the proof of which is
similar to the proof that v/3 ¢ (@(\/5) that we gave in class. Now, 1,v/3,v/5, V15 is a basis for for Q(\/g, \/5)
over Q. Set 3 := /3 + /5 and multiply each basis element by 5. This yields the set of equations
B-1=0-14+1-V/3+1-V54+0-V15
BV3=3-140-V3+0-V5+1-V15
B-V5=5-140-V3+0-V5+1V15
B-V15=0-1+5-V3+3-vV3+0-V15.

As we saw in class, this yields the matrix equation

1

V3
A'\/gz

V15

o O oo

-5 1 1 0
3 -6 O 1
5 0 -8 1
0 5 3 -8

a root of f(x) = x* — 1622 + 4. If we show that f(x) is irreducible over Q, then it will be the minimal

polynomial of 8 over Q. One way to do this is as follows: We set ¥ = x? and define a ring homomorphism

¢ : Qx] — Q[yl, by ¢(g9(x)) = g(y) = g(x?), for all g(z) in Q[x]. It is straightforward to check that ¢ is
an isomorphism of rings. It follows that for g(z) € Q[x], g(z) is irreducible over Q if and only if ¢(g(z)) is
irreducible over Q. Since y* — 16y +4 is irreducible over Q, it follows that f(z) is irreducible over Q, which is
what we want. Alternately, we can use Gauss’s Lemma as in the previous problem (since f(x) is a primitive

polynomial). Suppose f(z) = g(z)h(x) with g(x), h(z) € Z[z]. If one of g(x), h(z) has degree one, then f(z)

has a root in @, but the Rational Root Test fails for f(x), so such a factorization fails for f(z). Suppose

g(z) = 2% + a1 + ag and h(x) = 22 + by + by belong to Z[z]. Then the equation f(z) = g(x)h(z) in Z[z]

yields the following system of equations over Z:

where A = The determinant of A equals zero, so 8* — 1632 + 4 = 0, i.e., 3 is

a1 +b =0

airby +ag +byg = —16
agby + a1bg =0
apbg = 4.
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I leave it to you to check that this system has no solutions over Z. Thus f(x) is irreducible over Z, and
so f(x) is the minimal polynomial of V3 4+ /5 over Q. Thus Q(\/§ + \/5) has degree 4 over Q and since
Q(V3 ++/5) C Q(v/3,V5) these fields must be equal.

7. Prove the following generalization of Part (iv) in Proposition 2.1. Let o : F — Fy be an isomorphism
of fields. Let F C K and Fy C K be field extensions. Let f(x) € F[z] be irreducible over F, so that
fo(z) := f(x) is irreducible over Fy. Here f?(x) denotes the polynomial in Fy[z] obtained by applying o
to the coefficients of f(x). Finally, let @ € K be a root of f(z) and o € Ky be a root of fy(z). Prove that
there exists 7 : F'(a) = Fo(ap) an isomorphism of fields extending o. We will see that this is a key method
in calculating the Galois group of a finite extension.

Solution. The proof is quite similar to the proof given in Proposition 2.1. The point is that the field structure
of F(«) is determined by the arithmetic in F[x] upon division by f(z), while the field structure of Fy(a)
is determined by the arithmetic in Fy[z] upon division by fo(z), and since the rings F[z] and Fy[z] are
isomorphic and fo(x) corresponds to f(x) under this isomorphism, we expect the fields F(«) and Fy(«) to
be isomorphic.

Let us continue to use h?(z) to denote the polynomial in Fy[z] obtained by applying o to the coefficients of
h(z), for any h(x) € F[z]. I leave it to you to check that ¢ : F[z] — Fylx] defined by ¢(h(z)) = h°(z) is an
isomorphism of rings. Assume that f(x) and fy(x) each have degree d. For A € F(a), A = ag+---+aq_1a%7 1,
we define
7(A) =0 (ag) + --- + o(ag_1)ad™".

As before, we let A(x) be the polynomial in F[z] corresponding to A, so that A = A(«). Similarly, for
B =by+---+bg_1a? ' in F(a), we let B(z) denote the corresponding polynomial in F[z], so that B = B(a).
Now,

7(A+ B) = 1((ag + bo) + - + (ag_1 + bg_1)a®™1)

(
=0(ag+bo) + -+ 0o(ag_1 4 bg_1)ad™!
(

ag ao) + O'(bo) + -+ (O’(ad_l) + O'(bd_l))ag_

{o(a0) + -+ o(ag-1)ag ™} +{o(bo) + - + (ba—1)ag '}

7(A) 4+ 7(B).

Now suppose A(x)B(x) = f(x)h(z) + r(x), where r(z) has degree less than d. Then, applying the ring
isomorphism ¢ to this equation yields A%(x)B?(x) = fo(x)h? (z) +7r7(z). So, in F(«), we have A- B = r(a),
from which it follows that 7(A- B) = r7(ap). On the other hand, 7(A4) = A%(ay) and 7(B) = B?(ap). Since
A°(x)B? (z) = fo(xz)h?(x) + r°(x), it follows that 7(A) - 7(B) = r?(ay), so 7(A- B) = 7(A) - 7(B). Thus, 7
is a field homomorphism. Since field homomorphisms are always one-to-one, and ¢ is surjective, it is easy
to see that 7 is also surjective, and thus 7 is an isomorphism from F'(«) to F(ay) extending o.

8. Let F be a field and f(z) € F[x]. Write f'(x) for the formal derivative of f(z) and assume f’(z) # 0.

(i) Prove that f(z) has a repeated root (possibly in a larger field) if and only if f/'(z) = 0 or f(x) and
f'(z) have a common factor in F[z]. Recall « is a repeated root of f(z) iff (x — «)? is a factor of
f(z) over the splitting field of f(x). Hint: f'(x) = 0 can only occur if F' has characteristic p > 0.

(ii) Prove that if f'(x) = 0, then every root is a repeated root.

1

Solution. For part (i), suppose f(x) has a repeated root (possibly in F). Then f(z) = (z — a)?g(z), for
some a € F and g(z) € F[z]. This gives f'(z) = 2(x — a)g(z) + (x — a)?g'(x), so f'(a) = 0. Suppose
f'(z) # 0. If f(z) and f/'(z) have no common factor in F[z], then we may write 1 = g(x) f(z) + h(x)f'(z),
with g(z), h(z) € Flx]. Setting x = a yields 0 = 1, a contradiction Thus, f(z) and f/(z) have a common
factor.

Conversely, suppose f'(z) = 0. Write f(z) = (x — a1) -+ ( — a,,) over F. Then
0= f’(a:) = Hi;ﬂ(m — Oéi) + -+ Hi;ﬁn(x — Ozi).

All of the terms IT;+; (. — ;) with j # 1 in the sum above are divisible by « — a1, so the first terms is divisible
by & — 3. By the UFD property of Fx], we must have £ — a1 =  — a, for some ¢ # 1. Thus, oy = ay, so
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that f(z) has repeated root. Now suppose f'(z) # 0 and f(x) and f’(z) have a common factor. Then, they
have a common irreducible factor p(x) € F[z]. Write f(x) = p(x)g(z). Then f'(z) = p'(x)g(z) + p(x)g' ().
If p/(z) # 0, then, since p(x) divides f'(z), it divides p’(x)g(x). Therefore, p(x) must divide g(x). We can
now write f(z) = p(z)%go(x), for some go(z) € F[x]. Thus, any root of p(z) is a repeated root of f(z). If
p'(z) = 0, then as we have just seen, p(z) has a repeated root, and therefore f(z) also has a repeated root.

For part (ii), suppose f/(z) = 0 and « € F is a root of f(z). Then we can write f(x) = (z — a)g(z) as
elements of F'[z]. We then have

0=f'(z) =g(x) + (x — a)g' ().
If we set = «, it follows that g(a) = 0, which shows that « is a repeated root of f(x).

9. Let f(x) be an irreducible polynomial with coefficients in Q. Prove that f(z) has distinct roots in its
splitting field over Q. Does the same conclusion hold if f(x) is an irreducible polynomial with coefficients in
Zyp, p > 0, a prime? Prove this, or give a counter-example.

Solution. If f(x) € Q[z], then f'(x) # 0, and moreover, if f(x) is irreducible, then f(z) and f’(x) cannot
have a common factor. Thus, by the previous problem, f(z) has distinct roots. Now suppose f(x) € Z,[z] is
irreducible. If f’(x) # 0, then since f(z) is irreducible, f(x) and f’(z) have no common factor, and thus, by
the previous problem, f(z) has distinct roots. Suppose f/(x) = 0. Then, when we write f(z) = E?:o a;x’,
with a; € Z,, a; # 0 if and only if p divides 7. So, we can rewrite f(z) as z;zo apjzP?, where d = pr. Now,
by Euler’s theorem, a;j, = a’ , for all j, so that

jp’
I i T
flz) = Z apjet’ = Zaﬁjxm = (Z apjz’)?,
=0 j=0 j=0

which contradicts the irreducibility of f(z). Therefore, when F' = Z,, we cannot have f'(z) = 0, when f(z)
is irreducible over F'. Thus, f(x) has distinct roots. Consequently, every finite extension of Z,, is a separable
extension.

10. Let F be a field and F'(x) the rational function field in one variable over F, i.e., the field consisting of
all fractions f(z)/g(x), with f(z),g(x) € F[z], g(x) # 0. Let K be a field satisfying F € K C F(z) and
assume K = F(f/g), for some f/g € F(x)\F, with f(z) and g(x) relatively prime. Show that [F(x) : K] is
the maximum of the degrees of f(z) and g(z). Conclude that [F(x) : K| < oo, for any F' C K C F(z).

Solution. Let ¢ be an indeterminate over K (so that z,¢ are independent variables over F'). If f(x) has
degree greater than the degree of g(x), set h(t) := f(t) — (f(x)/g(x))g(t), so that h(t) € KJ[t] and the
degree of h(t) equals the degree of f(z). Since we may assume that f(z) is monic, as replacing f(z) by the
polynomial obtained by dividing f(z) by its leading coefficient does not change K, h(t) is a monic polynomial
in K[t] whose degree is the maximum of the degrees of f(z) and g(x). Suppose the degree of g(x) is greater
than or equal to the degree of f(x). If f(z) and g(x) have the same degree, the division algorithm gives
f(z) = g(z) +r(x), where r(z) has degree less than the degree of g(x). But then, f(z)/g(z) =1+7r(z)/g(x)
and K = F(r(x)/g(x)), so we may relabel r(x) as f(z) and assume the degree of g(x) is strictly greater than
the degree of f(x). In this case we take, h(t) = g(t) — (g(x)/f(x))f(t), and assume that g(x) is monic, so
that again, h(t) is a monic polynomial in K[t] whose degree is the maximum of the degrees of f(z) and g(z).
Without loss of generality, we assume that we are in the first case. Then, we have that h(z) = 0, so that
x is algebraic over K. Since F(z) = K(z), this shows that [F(z) : K] < co. To see that [F(z) : K] equals
the maximum of the degrees of f(x) and g(x), namely, the degree of f(z), it suffices to show that h(t) is
irreducible as an element of Kt].

Since f(x)/g(x) is not algebraic over F, we can think of f(z)/g(z) as a variable over F, so for ease of
notation, we set u := f(x)/g(z). Therefore, h(t) € F(u)[t], where F(u) is the rational function field in u over
F, i.e., the quotient field of the polynomial ring F'[u]. In this new notation, h(t) = f(¢t) — ug(t), which also
belongs to the polynomial ring F[u,t] in two variables over F. Now, as a polynomial in ¢, with coefficients
in Flu], h(t) is a primitive polynomial, so by Gauss’s lemma, it is irreducible as an element of F'(u)[t], if it
is irreducible as an element of F[t,u]. We can also regard h(t) as a polynomial in u with coefficients in F[t].
Since f(t), g(t) have no common factor, h(t) is irreducible as as element of F'[¢, u], since it has degree one as
a polynomial in u, which gives what we want.



